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By studying the scattering of normally incident plane waves by a single nanowire, we reveal the indispensable
role of toroidal multipole excitation in multipole expansions of radiating sources. It is found that for both
p-polarized and s-polarized incident waves, toroidal dipoles can be effectively excited within homogenous
dielectric nanowires in the optical spectrum regime. We further demonstrate that the plasmonic core-shell
nanowires can be rendered invisible through destructive interference of the electric and toroidal dipoles,
which may inspire many nanowire based light-matter interaction studies, and incubate biological and medical
applications that require non-invasive detections and measurements. c© 2018 Optical Society of America
OCIS codes: 290.5839 240.6680, 260.5740.
In conventional Cartesian multipole expansion
method, the radiation sources have been decom-
posed into electric and magnetic multipoles, where
the contributions of toroidal components are usually
overlooked [1]. In contrast to electric and magnetic
counterparts, the toroidal multipole (TM) can be
viewed as poloidal current configurations, which flow on
the surface of a torus along its meridians, or as a series of
magnetic dipoles (enclosed circulating currents) aligned
along an enclosed path, which interacts only with the
time derivatives of the incident fields [2,3]. Though it is
long known that the conventional Cartesian multipole
expansion method is incomplete as the indispensable
role played by TMs is not discussed [2, 3], TMs have
only attracted the significant attention since the recent
experimental demonstration of the toroidal responses of
metamaterials consisting of specially arranged split ring
resonators [4]. Following this work, shortly afterwards
in various other structures and spectrum regimes the
excitation of TMs have also been identified, which are
expected to be of fundamental importance for vari-
ous applications including biosensing, nanoantennas,
photovoltaic devices and so on [5–12].
In currently flourishing fields of plasmonics and meta-
materials, the scattering by individual particles plays
a foundational role [13–15]. Nevertheless most demon-
strations of the indispensable contributions of TMs have
been conducted in engineered structures consisting of rel-
atively complex nanoparticle dimers or clusters [5–12].
Only recently such investigations have been extended
to individual nanodisks and nanospheres, which reveal
that TMs can not only be effectively excited but also
are essential for accurate interpretations for some funda-
mental scattering properties [16,17]. Similar to the nan-
odisks and nanospheres, nanowires are also the building
blocks for many fundamental structures for various ap-
plications [18–20]. To introduce TMs into the scattering
nanowires may give novel and complete explanations for
some exotic nanowire scattering properties, and thus fur-
(a) (b)
Fig. 1: ((Color online) Schematic of the nanowire scatter-
ings of norammly incident (a) s-polarized and (b) p-polarized
plane waves. The TMs excited within the nanowires are il-
lustrated through the current j [or electric field E according
to Eq.(2)] and magnetic field H distributions.
ther inspire extra nanowire based applications and offer
new platforms for studies of strong light-matter interac-
tions. Such investigations into individual nanowires are
vitally important, and have not been discussed so far.
In this letter we study the scattering by nanowires
based on a Cartesian multipole expansion method with
TMs incorporated. It is found that toroidal dipoles
(TDs) can be effectively excited in homogenous dielec-
tric nanowires for both p-polarized and s-polarized in-
cident waves in the optical spectrum regime. We fur-
ther show that in core-shell plasmonic nanowires, the
electric dipoles (EDs) and TDs excited can interfere de-
structively with each other in the far-field, thus ren-
dering the nanowires invisible. It is expected that our
new TM-based interpretations of the nanowire scattering
could possibly incubate many extra applications based
on nanowires and inspire the establishment of new plat-
forms for strong light-matter interactions.
In Fig. 1 we show schematically the structure under
consideration. The coordinate system on top shows the
configuration of the incident plane wave: it is s-polarized
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Fig. 2: (Color online) Scattered power spectra for a dielectric (n = 3.5) nanowire of radius R = 150 nm for (a) s-polarized
and (b) p-polarized plane waves. The scattering configurations are shown as insets in (a) and (b) respectively. For both
polarizations, the contributions from current-integrated [based on Eq.(1)] ED (P, red curves) and TD (T, blue curves) are
shown. Two points A (λ = 860 nm) and B (λ = 1200 nm) are marked in (a) and (b), and the corresponding near fields
are shown in (a-A)-(a-B) for s-polarized incident wave [the color-plots and vector-plots correspond to longitudinal electric
field (Ez) and transverse magnetic field respectively] and in (b-A)-(b-B) for p-polarized incident wave [the color-plots and
vector-plots correspond to longitudinal magnetic field (Hz) and transverse electric field respectively].
(E field along nanowire axis z) and p-polarized (E field
normal to the nanowire axis z) for the nanowires in
Fig. 1(a) and Fig. 1(b) respectively, both of which are
assumed to be infinitely long. According to the complete
multipole expansion method that has included TMs, the
EDs and TDs excited within the nanowires can be ex-
pressed by the integrations of the near-field currents
[we use the notion of the exp(−iωt) for electromagnetic
waves] [3, 8]:
P =
1
−iω
∫
d2rj, T =
1
10c
∫
d2r[(r · j)r− 2r2j], (1)
where the displacement current j is:
j = −iωǫ0[ǫ(r)− 1]E(r), (2)
ǫ0 is the vacuum permittivity; ǫ(r) is the relative per-
mittivity of the nanowire; ω is the angular frequency of
the incident wave; and c is the speed of light.
In Fig. 1(a) and Fig. 1(b) we also show schematically
the magnetic field H and current j [or electric field E ac-
cording to Eq.(2)] distributions of the TDs excited within
the nanowires for both polarizations. As is shown, the
TD can be simply interpreted as a series of magnetic
dipoles (enclosed circulating currents) aligned along an
enclosed path, which actually also represents the field-
lines of the induced magnetic field H. The scattering
power of ED and TD in Eq. (1) on the x − y plane are
respectively: k
3c
8ǫ0
P2 and k
5c
8ǫ0
T2 for s-polarization; k
3c
16ǫ0
P2
and k
5c
16ǫ0
T2 for p-polarization. The scattered power spec-
tra of the EDs and TDs excited [calculated according
to Eq.(1) within homogenous dielectric (refractive index
n = 3.5) nanowire of radius R = 150 nm] with incident
waves of both polarizations are shown in Fig. 2(a) and
Fig. 2(b). It is clear that the TDs can be effectively ex-
cited for both s and p polarized waves [see the blue curves
in Fig. 2(a) and Fig. 2(b) respectively]. To further verify
this, we have selected two points A and B in the scatte-
ring power spectra (λ = 860 nm and λ = 1200 nm re-
spectively) and show the near-field distributions at those
points in Fig. 2(a-A)-Fig. 2(b-B). According to Fig. 2(a)
and Fig. 2(b), at point A the excitation of ED is negligi-
ble and thus there is only TD excitation (modes of mag-
netic type and of higher orders have not been considered
here [15, 21–23]). For s-polarization the color-plots and
vector-plots correspond to longitudinal electric field (Ez)
and transverse magnetic field respectively [see Fig. 2(a-
A) and Fig. 2(a-B)]; while for p-polarization the color-
plots and vector-plots correspond to longitudinal mag-
netic field (Hz) and transverse electric field respectively
[see Fig. 2(b-A) and Fig. 2(b-B)].
For s-polarization: (1) At point A, according to
Fig. 2(a-A), within the nanowire region Ez [and thus
j according to Eq.(2)] changes the direction (there are
both positive and negative values) and the magnetic
field has been mostly confined to the nanowire. This ex-
actly corresponds to current-field distribution for the TD
shown in Fig. 1(a); (2) At point B however, since there is
only ED excitation, neither Ez changes its sign nor the
magnetic field has been confined within the nanowire
[see Fig. 2(a-B)], which corresponds to a typical ED
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Fig. 3: (Color online) Scattered power spectra for silver core-dielectric (n = 3.5) shell nanowires of inner radius R1 and outer
radius R2 are shown in (a) R1 = 43 nm and R2 = 150 nm of s-polarization and (b) R1 = 30 nm and R2 = 85 nm of p-
polarization [The curves in (b) are not smooth due to the uneven permittivity data of Ag]. The specific scattering configurations
are also included above (a) and (b) respectively. For both polarizations the total scattered power [all, green curves, see Eq.(3)],
and the contributions from far-field deduced ED in Eq. (4) [black curves, P(as0) for s-polarization and P(a
p
1
) for p-polarization],
current-integrated ED (P, red curves) and TD (T, blue curves) are shown. For both polarizations the transparency points A
have been marked [λ = 566 nm in (a) and λ = 319 nm in (b)] and the corresponding near-field distributions are shown in
(a-A) in terms of Ez and (b-A) in terms of Hz respectively. The wave is propagating from negative x to positive x direction.
field distribution. For p-polarization: (1) At point A,
clearly there are both clockwise and anti-clockwise cur-
rent flows and the magnetic field has been mostly con-
fined within the nanowire [see Fig. 2(b-A)], which corre-
sponds to a typical current-field distribution of the TD
[can be compared to Fig. 1(b)] [16, 17]; (2) In contrast
at point B, the field distribution is clearly of a ED type
[see Fig. 2(b-B)]. We note that in sharp contrast to the
demonstration of TD excitation in nanowire clusters for
only s-polarization [12], our work show in even individual
nanowires, TD can be effectively excited for both polar-
izations where the cluster configuration is not required.
So far we have studied ED and TD obtained through
current integration and the scattering by nanowires (sin-
gle or multi-layered) can be solved analytically and the
total scattered power of all multipoles is [13]:
W s,psca = 2ǫ0ω
−1|E0c|
2[(as,p0 )
2 + 2
∑∞
m=1
(as,pm )
2
], (3)
where k = 2π/λ is the angular wave-number in the
background material (vacuum in this letter); a0 and am
are the spherical scattering coefficients, where the su-
perscripts s and p corresponds to s-polarized and p-
polarized incident waves respectively. Moreover the scat-
tered fields of the nanowires can be also expressed an-
alytically in terms of a0 and am. When compared to
the far-field scattering of standard electric and magnetic
multipoles, the EDs excited with the nanowires for s-
polarization and p-polarization can be deduced respec-
tively as [21–23]:
P(as0) = ǫ0
4as0
ik2
E0, P(a
p
1) = ǫ0
8ap1
ik2
E0, (4)
where E0 is the electric field of the incident wave.
Thus the scattered power from P(as0) and P(a
p
1) are
2ω−1ǫ0 |a
s
0E0c|
2 and 4ω−1ǫ0 |a
p
1E0c|
2
respectively. We
note here that in the far-field, the ED and TD are in-
distinguishable since they have identical scattering pat-
terns [2, 3]. The above deduced EDs [see Eq. (4), which
correspond to the overall dipolar scattering] have actu-
ally combined the contributions from both the EDs (P)
and TDs (T) [see Eq. (1)], and some other higher order
(in terms of k) terms (such as the mean-square radius of
TD) obtained through current integration [8, 12, 16, 17].
As a result, when ED and TD are tuned to appro-
priate magnitudes and thus can cancel the scattering
of each other, invisible scattering bodies can be ob-
tained [8, 12, 16, 17].
To demonstrate the invisibility induced by the interfer-
ences of EDs and TDs excited within nanowires, we focus
on the widely studied core-shell plasmonic nanowires.
The analytical results are shown in Fig. 3. The struc-
tures under consideration are the silver core-dielectric
(n = 3.5) shell nanowires of inner layer radius R1 and
outer layer radius R2 [see the scattering configurations
above Fig. 3(a) and Fig. 3(b)]. For the permittivity of
silver we adopt the experimental data from Ref. [24].
For s-polarization, R1 = 43 nm and R2 = 150 nm
and the scattered power spectra are shown in Fig. 3(a).
We have included the contributions from ED (P) and
TD (T) (red and blue curves respectively), the deduced
ED [black curve, P(as0)] and the total scattered power
from all multipoles [green curve, see Eq.(3)]. At point
A (λ = 566 nm) ED and TD scatter almost the same
3
amount of power and between them there is complete
destructive interference, thus leading to more or less null
dipolar scattering at this point [see the black curve for
P(as0)]. Moreover, at this point all the other multipole ex-
citations (magnetic dipole and quadrupole for example)
have been significantly suppressed, and consequently the
total scattering at this point is negligible [see the green
curve in Fig. 3(a)]. For p-polarization with R1 = 30 nm
and R2 = 85 nm, similar effects can be observed in
Fig. 3(b). The difference is that the minimum scattering
point A (λ = 319 nm) is not the point (λ ≈ 340 nm)
where ED and TD scatter equally and between them
there is complete destructive inference. This is due to the
fact that for the overall dipolar scattering [black curve
Fig. 3(b)], besides the destructive-interferenced scatte-
ring from TD and ED, there are also non-negligible con-
tributions from the mean-square radius of the TD term
and some other higher order terms.
To further verify the induced invisibility, we present
near-field distributions at the points marked in Fig. 3(a)
and Fig. 3(b) in Fig. 3(a-A) (Ez , for s-polarization) and
Fig. 3(b-A) (Hz for s-polarization) respectively. It is
clear that the incident waves have experienced almost
no perturbations for both polarizations, verifying the in-
visibility of the nanowires. Moreover, there are still sig-
nificant field distributions inside the nanowires at those
invisible points, which agrees with the results shown in
Fig. 3(a) and Fig. 3(b) that there are both ED and TD
excitation inside. To summarize, we have demonstrated
invisible core-shell nanowires originating from interfer-
ences of EDs and TDs excited for both polarizations.
We note here that though there have been lots of studies
on the transparency phenomena of core-shell nanowires
(see Refs. [25–27] for example), unfortunately none of
them have noticed the roles played by TMs.
To conclude, we study the scattering of normally in-
cident plane waves by nanowires through a complete
Cartesian multipole expansion method where TMs have
been considered. It is shown that for both p-polarized
and s-polarized incident waves, TDs can be effectively
excited within homogenous dielectric nanowires. We fur-
ther demonstrate the TD induced invisibility in core-
shell plasmonic nanowires, which simultaneously have
significant internal field distribution and negligible scat-
tering, and thus might play a significant role in non-
invasive detections and measurements. Here we confine
our studies to TDs and such investigations can certainly
be extended to other higher order TMs. The incorpo-
ration of TMs into scattering nanowires may offer new
insights into the understanding of many nanowire based
light matter interactions, and hopefully can inspire lots
of applications of nanowires in sensing, nanoantennas,
lasers, photovoltaic devices and so on.
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